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IV. “ On Harmonic Ratios in the Spectra of Gases.” By Arthur 
Schuster, Ph.D., F.R.S. Received January 10, 1881. 

It would he a matter of the greatest importance if we could dis¬ 
cover an empirical law connecting together the different periods of 
vibration in which we know one and the same molecule to be capable 
of swinging. According to the most simple supposition the vibrations 
might be harmonical overtones of one fundamental note. Various 
attempts have been made to prove that such indeed is the case, and 
that the wave-lengths of different spectral lines bear to each other the 
ratio of two comparatively small integer numbers. M. Lecoq de 
Boisbaudran and Professor Johnstone Stoney, especially, have dis¬ 
cussed this question; the wave-lengths used by the former do not 
possess the accuracy necessary for a final settlement of the point, but 
Professor Stoney has, in the case of hydrogen, shown that three out of 
the four lines in the visible part of the spectrum have wave-lengths,, 
which, to a high degree of accuracy, are in the ratios of 20 : 27 : 32. 

I have occupied myself at various times during the last ten years 
with this question, and have naturally accumulated a large quantity 
of material. About three years ago, however, I came to the con¬ 
clusion that only a systematic investigation could lead to a decisive 
result. In any spectrum containing a large number of lines, it is> 
clear that, owing to accidental coincidences, we shall always be able to 
find ratios which agree very closely with the ratios of small integer 
numbers. We can, however, by means of the theory of probability, 
calculate the number of such coincidences which we might expect to 
find on the supposition that no real law exists, and that all the lines 
are distributed at random throughout the whole range of the visible 
spectrum. If, on calculating out all fractions which can be formed in 
a spectrum by any pair of lines, the number of ratios, agreeing within 
certain limits with ratios of integer numbers, greatly exceeds the most 
probable number, we should have reason to suppose that the lines are 
not distributed at random, but that the law suggested by Messrs. 
Lecoq de Boisbaudran and Stoney is a true one. 

I have been engaged during the last three years in discussing some 
of the spectra in the manner indicated, and I now wish to lay the 
results of the investigation before the Royal Society. I took the 
spectra of the following elements; the numbers in brackets indicate 
the number of lines for each body :— 


Magnesium. (7) 

Sodium . (10) 

Copper . (15) 

Barium. (26) 

Iron... (149) 
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o 

I have only taken such lines as are found on Angstrom’s map, 
and I have compared the ratios of any two lines with the ratios of 
integer numbers smaller than 100. These latter ratios were calculated 
out to six decimal places, and arranged in order of magnitude in a 
table, to which I shall refer as the Auxiliary Table. I have adopted 
two methods of comparison. The first is best explained by an 
example. The wave-length of the less refrangible of the two yellow¬ 
ish-green sodium lines divided by the wave-length of the less refran¬ 
gible of the two yellow lines gave the ratio. *964760 

On referring to the Auxiliary Table we find that this ratio 


lies between... 55 -~-57= *964912 

and... 82-85= *964706 


The difference between these two fractions being. *000206 

The difference of the fraction in the sodium spectrum with 

the nearest fraction of integer number is. *000054 

The ratio of these two differences 54-f-206 is found ..... *262 

Similar ratios were formed for all possible fractions in the sodium 
spectrum. Now, if the lines in spectra are distributed at random, we 
should expect the ratio of the two differences to range indis¬ 
criminately between 0 and ‘5 ; the mean of all of them coming near 
°25. If, on the other hand, the law of harmonic ratios is a true one, 
we should expect a greater number of small fractions, and hence the 
mean should be smaller than *25. The results are given in Table I. 
The second column gives the numbers of fractions for each spectrum, 
and the third the mean values obtained, which, as mentioned, ought 
to be near *25, if the lines are distributed at random. 

Table I. 


Element. 

Number of 
fractions. 

Mean value 
of ratios. 

P = ±. 

Magnesium. 

18 

*2626 

■0229 

Sodium.. 

40 

'2399 

•0154 

Copper. 

101 

•2430 

•0097 

Barium. 

303 

•2592 

■0056 

Iron. 

10404 

*2513 

•0010 

Mean.. 

10866 

•2514 



Nothing could be more decisive against the law of harmonic ratios 
than this table; three out of the five elements considered, including 
the two containing the greatest number of lines, give a mean value 
greater than *25. 

In order to see how near to this value we should expect the mean to 
come if no law connects the different lines, I have given the probable 
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deviation from *25 in the fourth column. The term probable in pro¬ 
bable deviation is here used in the same sense as in “ probable error.” 
It has been calculated by means of the approximate formula— 



where a=*25, 

s=the number of lines in each spectrum, 

p is the probability that the mean value lies between Hr S ; for p equal 
to one-half, 5 is the probable deviation. 

It will be noticed that the actual deviation never differs much from 
the probable one, but that it is greater for the two elements having the 
greatest number of lines. If, therefore, any deduction is to be drawn 
from the preceding table, it is that the ratios formed by two given 
lines rather seem to avoid harmonic ratios. 

The method just explained, and which has given us such decidedly 
negative results, I believe to be very well adapted for the discussion 
of spectra which have a comparatively small number of lines; but 
the iron spectrum may be examined by a more direct and complete 
method. We may directly calculate how many fractions ought to 
agree within certain small limits with harmonic ratios if no law exists, 
and counting how many do thus coincide. I have found, for instance, 
twenty-eight pairs of lines which coincide within limits so narrow 
that they can be easily due to errors of measurements with fractions, 
the denominator and numerator of which are both smaller than 10. 
This number might appear large at first sight, and some support for 
the law of harmonic ratios might be derived from it. But the cal¬ 
culation gives the larger number 32 as the one we ought to expect, if 
all the lines were distributed at random; so that here, also, the frac¬ 
tions seem to avoid rather the harmonic ratios. 

A little difficulty is experienced in fixing the limits within which 
we may consider a coincidence to have taken place. They must 
depend, of course, on the accuracy which we assign to Angstrom’s 
measurements. 

I thought it best to work out the results with two different limits, 
one of which was half as large again as the other. We gain a decided 
advantage in classifying the results for two limits. It is in fact 
equivalent to using a third method of discussion, for supposing the 
spectral lines to be distributed at random, the number of coincidences 
found should be proportioned to the limits chosen. If, on the other 
hand, the law of harmonic ratios is correct, the narrower limit should 
relatively show the greater number of coincidences. The limits taken 
were— 


and 


± *0000505 
+ *0000755. 
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so that two lines were said to have the ratio of 3 : 4, for instance, if in 
the first case the ratio lay between *7500505 and *74995195, and 
similarly for the second limit. 

If the measurement of the least refrangible line is correct, an error 
of 1 in 20,000 made in the measurement of the most refrangible line 
would correspond to the narrower limit. 

The results are given in Table II. In the first row all fractions 
were taken into account the denominator of which is smaller than 
10; in the second row, the denominator is between 10 and 20, and 
so on, for the other rows. The columns headed “ calculated,” give 
the number of coincidences which we should expect on the supposi¬ 
tion that the lines are distributed at random. The formula employed 
will be proved in the Appendix. 


Table II. 



Limits ± 

*0000505. 

Limits ± 

*0000755. 

Observed. 

Calculated. 

Observed. 

Calculated. 

0—10. 

48 

52 

64 

77 

10—20... 

180 

206 

250 

308 

20—30. 

329 

363 

469 

544 

30—40..,. 

478 

521 

664 

779 

40—50. 

625 

679 

912 

1015 

50—60. 

777 

I 837 

1163 

1251 

60—70. 

886 

i 968 

1318 

1447 

70—80. 

924 

896 

1337 

1340 

80—90. 

667 

629 

989 

940 

90—100. 

253 

241 

393 

361 

Total.. 

5167 

5392 

7559 

8062 


At first sight the result seems again decidedly against the theory of 
harmonic ratios. For all fractions with denominator smaller than 70, 
the calculated coincidences are in excess of the observed ones. There 
seems, however, to be a greater number of ratios than we should 
expect, which agree nearly with fractions, the denominators of which 
lie between 70 and 100. 

If we compare the results given for the two different limits, we 
find that the smaller limit gives results decidedly more favourable to 
the theory than the larger ones, and that, as has been explained, is an 
important fact which cannot be left out of account. In the following 
Table (III), I have compared the number of coincidences for the 
smaller limit with those calculated from the larger one, on the sup¬ 
position that the coincidences are proportional to the limits, as they 
ought to be if no connexion exists between different lines of the same 
spectrum. It will be seen, that with the exception of two cases, one 
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of which is very insignificant, the number of coincidences 

smaller limits is in excess. 

Table III. 

Observed for 

Calculated from 


smaller limit. 

larger limit. 

0—10. 

48 . 

43 

10—20. 

180 ..... 

167 

20—30. 

329 ..... 

314 

30—40. 

478 . 


40—50. 

625 . 

610 

50—60. 

777 . 

778 

60—70. 

886 . 

882 

70—80. 

924 . 

894 

80—90. 

667 

662 

90—100. 

258 . 

263 


5167 

5057 


The fact that the number of coincidences, though falling short of 
the calculated values for both limits, is relatively greater for the 
smaller, suggests the possibility that still narrower limits might give 
results which are still more favourable to the theory of harmonic 
ratios. This indeed is the case. I have counted for all fractions, the 
denominator of which is smaller than 30, the number of coincidences 
for a series of 8 limits. The results are embodied in Table IY, and 
show that there is a tendency of the fractions to aggregate into the 
compartments for smaller limits. With the exception of the first and 
last numbers, there is a gradual decrease of coincidences as we 
recede from the harmonic ratios. 


Table IY. 


Limits ± *0000. Number of coincidences. 

000—095 . 71 

095—195 .. 85 

195—205 . 78 

295—395 . 70 

395—495 . 68 

495—595 .. 66 

595—695 . 56 

695—755 . 41 


We have now to reconcile two apparently opposite results of our 
calculations. On the one hand it was found that the coincidences 
with harmonic ratios are fewer than we should expect from the theory 
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of probability, and on the other hand the results obtained with 
different limits showed that the smallest always gave the most favour¬ 
able result. The regularity with which this latter fact appears in 
Tables III and IV, proves it not to be accidental, and if not 
accidental, it can only mean that the law of harmonic ratios is at 
least partially a true law. 

The following explanation has occurred to me as possibly account¬ 
ing for the facts. We may suppose the harmonic ratios really to 
exist in appreciable numbers, but to be chiefly confined to fractions, 
the denominator and numerator of which are larger than those we 
have taken into account. The fractions, for instance, formed by 
integers between 100 and 200, if arranged in order of magnitude 
in our auxiliary tables, would fall gerferally about midway between 
the fractions formed by the smaller numbers. Any coincidence with 
the fractions formed by the higher numbers would reduce the number 
of possible coincidences with the fractions formed by the smaller 
numbers, and hence we should have the effect which actually exists, 
of a number of coincidences smaller than that given by the theory of 
probability. If, now, in addition to these coincidences with fractions 
formed by higher numbers, we should have a small quantity of real 
coincidences with the fractions which we have taken into account, the 
increased quantity of coincidences for small limits over those of larger 
limits, would be explained. 

This explanation might be supported by the fact that, for fractions 
formed by numbers between 70 and 100, the coincidences observed are 
more numerous than those calculated on the supposition that the lines 
are all distributed at random. It must, however, be remarked that a 
similar effect might be produced, if any unknown law existed, con¬ 
necting the lines together, a law which in special cases reduced itself 
to a law of harmonic ratios. 

That some law hitherto undiscovered exists I have no doubt, for 
just in the cases where we have reason to suppose that different lines 
belong to one system of vibration, we cannot find any coincidences 
with harmonic ratios. The lines of sodium, for instance, are all 
double; yet in the set of lines given by Thalen the two components 
approach each other much more rapidly as we pass to the more re¬ 
frangible end of the spectrum than they would if the lines were con¬ 
nected together by the harmonic law. In the additional sets described 
by Professors Liveing and Dewar no regularity exists in the distance 
of the two components. 

A similar remark applies to the four triplets of magnesium lines. 
The triplets resemble each other in so far as the middle line is always 
nearest to the most refrangible line; but the resemblance is only a 
general one, and there is no absolute relation between the relative 
distances in each triplet. 
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Taking all these considerations into account, the following seems to 
me to be a fair summary of my results for the iron spectrum:— 

1. There is a real cause acting in a direction opposed to the laic of 
harmonic ratios , so far as fractions formed by numbers smaller than 
seventy are concerned . 

2. After elimination of the first cause a tendency appears for fractions 
formed by tivo lines to cluster round harmonic ratios. 

3. Most probably some law hitherto undiscovered exists , which in special 
cases resolves itself into the laiv of harmonic ratios. 

The subject is of sufficient importance to make further investigation 
desirable. We might, for instance, confirm the laws which we have 
found to hold in the iron spectrum by treating in the same way some 
other spectrum having many lines, as those of manganese of calcium, 
But it seems to me to be more promising to increase the accuracy of 
measurement in the special cases where harmonic ratios have been 
found. There are, for instance, two lines in the iron spectrum which 
are in the ratio of 2 : 3. By using a diffraction grating we might test 
this coincidence to a great degree of accuracy by seeing how far the 
more refrangible line in the third spectrum coincides with the less re¬ 
frangible line in the second spectrum. Account, of course, must be 
taken of atmospheric refraction; reflecting surfaces only ought to be 
used. I hope to try this plan before long, but in order that others 
might have the same opportunity, I append a list of all lines which 
are nearly in the ratio of some fraction formed by integer numbers 
smaller than ten. 

Angstrom’s numbers corrected for atmospheric refraction are used. 
The table explains itself, but it is perhaps wise to remark again that 
the number of these coincidences is not larger than one would expect 
by the theory of probability, and that therefore all of them may prove 
to be accidental. 



Fraction. 

Calculated. 

Observed. 

Difference. 

6009-33 

2 : 

3 

4006-22 

4006-03 

— '19 

5603-40 

3 : 

4 

4202-55 

4202-74 

+ •19 

5598-88 

3 : 

4 

4199-16 

4199-16 

±-oo 

5576-59 

3 : 

4 

4182-44 

4182-53 

+ '13 

5340-82 

3 : 

4 

4005-62 

4006-03 

+ •41 

6302-47 

4 : 

5 

5041-98 

5041-67 

-•31 

5430-47 

4 : 

5 

4344*38 

4344-33 

-•05 

5340-82 

4 : 

5 

4272-66 

427254 

-12 

5264-07 

4 : 

5 

4211-26 

4211-09 

-•17 

5227-85 

4 : 

5 

4182-28 

4182-53 

+ •25 

5193-27 

4 : 

5 

4154-62 

4154-96 

+ •34 

6231-66 

5 : 

6 

5193-05 

5193-27 

+ •22 

6003-91 

5 : 

6 

5003-26 

5003-50 

+ -24 

5987-99 

5 : 

6 

4989-99 

4989-85 

-•14 
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Fraction. 

Calculated. 

Observed. 

Difference. 

5169*93 

5 

6 

4308-28 

4308-45 

+ -17 

613753 

5 

7 

4383-95 

4384-04 

+ •09 

5430*47 

6 

7 

4654-69 

4654-9 

+ •2 

5284*27 

6 

7 

4529-37 

4529-35 

-•02 

5140-20 

6 

7 

4405-89 

4405*50 

-•39 

613753 

7 

8 

5370-34 

5370-66 

+ •32 

6066-38 

7 

8 

5308*08 

5308-11 

+ •03 

5383-99 

7 

8 

4710-99 

4710*80 

-•19 

5271-06 

7 

8 

4612-18 

4612-08 

-•10 

5984-66 

7 

9 

4654-74 

4654-9 

+ •2 

5447-57 

7 

9 

4237-00 

423675 

-•25 

5372-16 

7 

9 

4178-35 

4178-28 

-•07 

5341*85 

7 

9 

4154-77 

4154*96 

+ •19 

5328-90 

7 

9 

4144-70 

4144-30 

-•40 

6003-91 

7 

10 

4202-74 

4202-74 

±-oo 

6009*33 

8 

9 

5341-63 

5341*85 j 

+ •22 

5616-24 

8 

9 

4992-24 

4991-89 

-•35 

4633-47 

8 

9 

4118-64 

411894 

+ •30 

6192-45 

9 

10 

5573-21 

5573-35 

+ •14 

5603-40 

9 

10 

504306 

5042-71 

-•35 

4692-02 

9 

10 

4222-82 

4222-88 

+ •06 

4707-92 

9 

10 

4237 13 

4236-75 

-•38 

4787-23 

9 

10 

4308-51 

4308-45 

-•06 

5233-71 

9 

10 

4710-34 

4710-80 

+ •46 


Appendix. 

The problem which we have to solve may be stated as follows 

Given a certain number of quantities distributed at random between 
two fixed limits; form the ratios between every pair of them, 
and find the expectancy for the number of these ratios which shall 
within certain small limits agree with a given fraction. In the first 
place, we remark that without detriment to the generality of the 
problem, we may assume the lower of the limits within which all the 
quantities are lying to be unity; for if it is not. we may by means of 
a common multiplier to all quantities reduce it to unity. 

Let ^ be the given fraction with which all the ratios are to be com¬ 
pared, and let A be the higher limit which none of the quantities 
shall exceed. Assume at first A to be smaller than the square of the 
reciprocal of a. Divide the range A to 1 into two compartments; 

the first from A to i, and the second from ~ to 1. Let there be t 

<X oc, 

quantities which I shall call eq, eq, . . . in the first compartment; and 
let there be r quantities b v & 2 , . . . in the second compartment. None 
of the quantities within one compartment can form amongst them¬ 
selves ratios which shall be closely coincident with ^ : say 
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If there is only one quantity, a, in the first compartment, b is given 
by the equation— 


b=»a+Sa. 

Hence, if there is only one & which can range between 1 and 1, and 

CL 

must lie between a (A-bS) and a (a .—<>), if there is a coincidence with 
the given fraction, the probability of such a coincidence is 

2ocCL ^ 

- -o. 


If there is more than one quantity, a, in the first compartment, we 
observe that these quantities may lie so near together that one and 
the same b can have, within the limits within which we count coin¬ 
cidences, the required ratio with more than one of the quantities, a. If 
these quantities, however, are not sufficiently close together to admit 
of any such double coincidence, the probability that one b should have 
the required ratio with one a is 

^(oq + ag-f- . . . at). 

1 - OL 

Call the sum in brackets St . 

If we drop the limitation that b should not possibly have at the same 
time the required ratio with more than one a, the expression just 
found will not any more represent the probability of a single coinci¬ 
dence, but it will represent the expectancy for the coincidences. For 
in the most general case there is a certain range, A, within which b 
may lie in order to have the required ratio with one of the quantities, 


there 


a range, 


A 2 , within which a double coincidence will 


happen, and so on : hence the expectancy for the coincidences is 
(A 1 + 2A 2 +3A 3 + 1, 

CL 

but the expression in brackets is always equal to 

2 Sst, 

and hence the expression which we have found will represent the 
expectancy if there is only one quantity, b ; for r quantities it is 


2S<% r 

1 - CL 


■rst. 


We have hitherto supposed that the quantities, a, are at given fixed 
places, or that st has a certain given value. Let pt^h be the proba- 

2c2 
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bility that tbe sum of all tlie quantities, a , shall lie between and 
then the whole expectancy is 



a 


The integral represents the expectancy for the sum of t quantities all 

equally probable between - and A, and this expectancy we know to 
at 

be— 



Hence the required expression is— 


rth 


A(X> -j- 1 
1 — cc 


In the actual case neither r nor t are given, we only know their 
sum n ; hence we must add up a number of expressions of the form 
we have found, varying r and t, and multiplying each with the proba¬ 
bility that the particular distribution actually exists. 

The probability that there should be t out of n values in the first 
compartment is— 

n\ QA-1 )*(!—« )* 

t ! (n — £) ! ot n (A— 1)” ’ 


giving t successively all values from 1 to n —1 we find for the whole 
expectancy— 


^ Aot -j- 1 1 <—n—1 


t\ ( n—t )! 


(acA-iy(l-oc) n -t, 


and adding up under the summation sign, the expression reduces to— 


n . n —1 AV-l ^ 
(A-l)2 *2 


which is the complete expectancy. 

We have assumed that A is not larger than the reciprocal of the 
square of a, and we may now extend the formula to larger values 
of A. 

Imagine a quantity B smaller than — and larger than i and let 

a? a 


A gradually increase from B to 


B 

ot 


Divide the whole range A to 1 into 


two compartments, one from A to B and the second from B to 1, then 
if a given number of quantities is in each compartment, I can calcu¬ 
late the whole expectancy by knowing :— 



1881.] Mr. J, Hopkinson. Dielectric Capacity of Liquids. 347 

1. The expectancy for the coincidences "between two quantities in 
the second compartment. 

2. The expectancy for the coincidences between one quantity in 
the first compartment and one in the second. 

Now A is supposed to increase gradually from a value smaller than 

~ o to a value larger than As long as it is smaller, the result must 
a 2 a 2 

be the same as that we have previously obtained, but none of the 
quantities which enter into the calculation show any discontinuity, as 

A passes through the value —and hence the formula cannot change 

or 

at that point and must be true as far as the value —, or as B may be in 

a 

the limit equal to —, we have extended our formula to all values of A 
a 2 

smaller than -i-. It can be further extended in the same way and 

a 8 

must in fact be true for all values of A. 


V. “Dielectric Capacity of Liquids.” By J. Hopkinson, F.R.S. 
Received January (5, 1881. 

(Abstract.) 

These experiments have for object the determination of the refrac¬ 
tive indices and the specific inductive capacity of certain liquids, and 
a comparison of the square of the refractive index for long waves 
and the specific inductive capacity. 

In the following table are given the results obtained for refractive 

index for long waves deduced by the formula + the square 

of ^oo, and the observed values (K) of the specific inductive 
capacity. 



/ x oo 

K 

Petroleum spirit (Field’s).. 

1*922 

1*92 

Petroleum oil (Field’s). 

2-075 

2*07 

„ (Common). 

2*078 

2*10 

Ozokerit lubricating oil (Field’s) 

2*086 

2*13 

Turpentine (Commercial) .... 

2*128 

2-23 

Castor oil.. 

2*153 

4«-78 

Sperm oil,.... 

2*135 

3-02 

Olive oil .... 

2*131 

8-16 

Neatsfoot oil .... 

2*125 

3-07 










